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RIGIDITY THEOREMS FOR ALMOST NONPOSITIVE
HOLOMORPHIC SECTIONAL CURVATURE
YASHAN ZHANG
Abstract. We derive some rigidity theorems for holomorphic maps between two com-
plex manifolds. The new feature is that we do not assume any pointwise curvature signs
for both the domain and target manifolds and hence the proofs do not involve any maxi-
mum principle arguments. Key roles are played by total integration of the function of the
least eigenvalue of Ricci curvature and an almost nonpositivity notion for holomorphic
sectional curvature introduced in our previous work. Similar idea is also applied to study
degeneracy of holomorphic maps.
1. Introduction
There are many important rigidity theorems about the holomorphic maps from a pos-
itively curved space to a negatively curved space. One of the most classical ones is Yau’s
theorem [9], stating that a holomorphic map from a compact Ka¨hler manifold of positive
Ricci curvature to a Hermitian manifold of nonpositive holomorphic bisectional curvature
must be constant. Later, Royden [4, Corollary 2] proved that a holomorphic map from
a compact Ka¨hler manifold of positive Ricci curvature to a Ka¨hler manifold of nonpos-
itive holomorphic sectional curvature must be constant, improving Yau’s result. More
recently, there are significant progresses on this topic, which relaxed either the curvature
assumptions or Ka¨hlerian condition, see [3, 7, 8] and references therein for more details.
In this paper, we try to obtain rigidity theorems for complex manifolds without assum-
ing pointwise curvature signs. To state our results, let’s first introduce some notations.
Notation 1.1 (Function of the least eigenvalue of the Ricci curvature). Let Y be a
complex manifold of dimCY =: m and ωY a Hermitian metric on Y . We define δωY
to be the function of the least eigenvalue of the second Ricci curvature Ric(2)(ωY ) with
respect to ωY , which is a continuous function on Y . For convenience we call the total
integration
∫
Y
δωY ω
m
Y the total least eigenvalue of second Ricci curvature of ωY . When ωY
is Ka¨hlerian, its second Ricci curvature is the Ricci curvature.
Notation 1.2 (Supremum of holomorphic curvature). Let (X,ω) be a complete Hermition
manifold of dimCX =: n. We define cω to be
(1) supX Bisecω if ω is Hermitian;
(2) supX Hω if ω is Ka¨hlerian.
Throughout this paper, we will always assume cω ∈ R, i.e. a finite number (this is
automatic if X is compact).
Our main theorem is the following
Theorem 1.3. Let (Y, ωY ) be an m-dimensional compact Gauduchon manifold and (X,ω)
a complete Hermition manifold. Then there exists a positive constant λn depending only
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on n := dimCX such that for any non-constant holomorphic map f : Y → X there holds
λn
∫
Y
δωY ω
m
Y ≤ mcω
∫
Y
f ∗ω ∧ ωm−1Y . (1.1)
Remark 1.4. In the special case that cω < 0 and δωY ≤ 0, one may interpret (1.1) as
an integral analog of the classical Ahlfors-Schwarz-Pick-type inequality in [10, 4]: f ∗ω ≤
λn
m
δωY
cω
ωY on Y .
We will apply Theorem 1.3 to obtain several rigidity theorems. For example, if we
assume (Y, ωY ) is a compact Ka¨hler manifold of positive Ricci curvature, then
∫
Y
δωY ω
m
Y >
0 and we easily recover the aforementioned classical results of Yau [9] and Royden [4,
Corollary 2] from Theorem 1.3.
We may particularly mention that, in general, the function δωY in Theorem 1.3 may
change sign at different points and so the (second) Ricci curvature may not be nonnegative.
Therefore, Theorem 1.3 is very flexible in applications, and implies new rigidity theorems
even in the case that both the domain and target manifolds are not assume to be of any
curvature signs. Theorem 1.3 and the following applications indicate that, in deriving
rigidity theorems, the total least eigenvalue of (second) Ricci curvature are essential.
Corollary 1.5. Let f : (Y, ωY ) → (X,ω) be a holomorphic map between two complex
manifolds. Assume (Y, ωY ) is a compact Gauduchon manifold. Then there is a constant
K0 = K0((Y, ωY ), (X,ω)) such that the followings hold.
(1) If there exists a Hermition (Ka¨hler or non-Ka¨hler) metric ωˆ on X with cωˆωˆ < K0ω
on X, then f is constant;
(2) Assume further (X,ω) is a compact Ka¨hler manifold. If there exists a Ka¨hler
metric ωˆ on X with cωˆ[ωˆ] < K0[ω], then f is constant.
Furthermore, if the total least eigenvalue of second Ricci curvature
∫
Y
δωY ω
m
Y is posi-
tive/zero/negative, then K0 in the above items (1) and (2) can be chosen to be some
positive number/zero/some negative number.
Note that in the last statement in Corollary 1.5, it says that, when
∫
Y
δωY ω
m
Y is positive,
then the rigidity holds if there exists some cω[ω] which is somehow bounded from above
by a sufficiently small Ka¨hler class at the level of (1, 1)-classes (which may be regarded as
a gap phenomenon), not necessary to require cω being nonpositive. This readily applies
to the compact Ka¨hler manifolds of almost nonpositive holomorphic sectional curvature, a
notion introduced in our previous work [11, Definitions 1.2 and 1.4]. To be more precise,
let’s recall
Definition 1.6 (Compact Ka¨hler manifold of almost nonpositive holomorphic sectional
curvature). Let (X, ωˆ) be a compact Ka¨hler manifold.
(1) Let α be a Ka¨hler class on X . We define a number µα for α in the following way:
µα := inf{supX Hω|ω is a Ka¨hler metric in α}.
(2) We say X is of almost nonpositive holomorphic sectional curvature if for
any number ǫ > 0, there exists a Ka¨hler class αǫ on X such that µαǫαǫ < ǫ[ωˆ].
One may find more motivations and discussions about the above almost nonpositivity
notion for holomorphic sectional curvature in [11]. Here we only mention that it is not a
pointwise notion, but a notion at the level of (1, 1)-classes.
Now we can state several corollaries concerning rigidity of compact Ka¨hler manifolds
of almost nonpositive holomorphic sectional curvature.
RIGIDITY THEOREMS FOR ALMOST NONPOSITIVE HSC 3
Corollary 1.7. A holomorphic map from a compact Gauduchon manifold with positive
total least eigenvalue of second Ricci curvature to a compact Ka¨hler manifold of almost
nonpositive holomorphic sectional curvature must be constant.
Note that here we do not assume any pointwise curvature signs for both the domain
and target spaces.
Corollary 1.8. A holomorphic map from a compact Ka¨hler manifold with positive total
least eigenvalue of Ricci curvature to a compact Ka¨hler manifold of almost nonpositive
holomorphic sectional curvature must be constant.
For example, Corollary 1.8 applies when a compact Ka¨hler manifold is of positive or
quasi-positive (i.e. nonnegative at every point and positive at some point) Ricci curvature.
It seems Corollaries 1.7 and 1.8 are new even if we assume the target compact Ka¨hler
manifold is of nonpositive holomorphic sectional curvature.
Corollary 1.9. A Ka¨hler manifold of almost nonpositive holomorphic sectional curvature
contains no rational curves.
This has been observed in our previous work [11, Theorem 1.10], by using a result of
Tosatti-Y.G. Zhang [6]. Our argument for Theorem 1.3 here provides an alternative proof
for Corollary 1.9.
Finally, we study degeneracy of holomorphic maps by using similar idea. For example,
we will prove the following (see Section 3 for necessary notions and definitions):
Corollary 1.10 (= Corollary 3.5). A holomorphic map from a compact Gauduchon mani-
fold of positive total Chern scalar curvature to a compact Ka¨hler manifold of nef canonical
line bundle must be totally degenerate.
Again, we mention that here we do not assume any pointwise curvature signs for both
domain and target spaces.
We will prove Theorem 1.3 in Section 2. In Section 3, we use similar idea to prove
some results on degeneracy of holomorphic maps between two complex manifolds without
assuming pointwise curvature signs.
2. Proofs of rigidity theorems
In this section we prove Theorem 1.3.
Our proof of Theorem 1.3 does not involve any maximum principle arguments (since in
our assumptions the curvature of both the domain and target spaces may not have any
(pointwise) sign). Instead, we will make use of an integral argument involving Lebegue’s
Dominated Convergence Theorem.
Proof of Theorem 1.3. We only consider the case that ω is a Ka¨hler metric on X and
cω > 0, as the other cases can be proved very similarly.
Let ǫ be an arbitrary positive number. By Yau’s Schwarz Lemma argument, Yau’s
inequality [10], Royden’s result [4] (also see [11, Proposition 2.1(1)]) and Ric(2)(ωY ) ≥
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δωY ωY , we have
∆ωY log(trωY f
∗ω + ǫ)
≥ trωY f
∗ω
trωY f
∗ω + ǫ
(δωY − cωtrωY f ∗ω) +
ǫ
(trωY f
∗ω + ǫ)2
g
q¯p
Y g
l¯k
Y f
a
kpf
b
lqgab¯
≥ trωY f
∗ω
trωY f
∗ω + ǫ
(δωY − cωtrωY f ∗ω) . (2.1)
Integrating (2.1) with respect to ωY over Y gives∫
Y
trωY f
∗ω
trωY f
∗ω + ǫ
(δωY − cωtrωY f ∗ω)ωmY ≤
∫
Y
(∆ωY log(trωY f
∗ω + ǫ))ωmY . (2.2)
Since ωY is Gauduchon and log(trωY f
∗ω + ǫ) is a smooth function on Y (that’s why we
add ǫ there), we have ∫
Y
(∆ωY log(trωY f
∗ω + ǫ))ωmY = 0,
putting which into (2.2) gives∫
Y
trωY f
∗ω
trωY f
∗ω + ǫ
(δωY − cωtrωY f ∗ω)ωmY ≤ 0. (2.3)
Now assume that f is non-constant. Then the set V := {y ∈ Y |trωY f ∗ω = 0 at
y} = {y ∈ Y |∂f = 0 at y} is a proper subvariety (may be empty) of Y . Moreover, we
easily have a positive constant L such that for any ǫ ∈ (0, 1],∣∣∣∣ trωY f
∗ω
trωY f
∗ω + ǫ
(δωY − cωtrωY f ∗ω)
∣∣∣∣ ≤ L
on Y , and as ǫ→ 0+,
trωY f
∗ω
trωY f
∗ω + ǫ
(δωY − cωtrωY f ∗ω)→ δωY − cωtrωY f ∗ω
pointwise on Y \ V and so pointwise almost everywhere on Y (note that V is of zero
measure with respect to ωmY ). Therefore, we can apply Lebegue’s Dominated Convergence
Theorem to conclude that∫
Y
(δωY − cωtrωY f ∗ω)ωmY = lim
ǫ→0
∫
Y
trωY f
∗ω
trωY f
∗ω + ǫ
(δωY − cωtrωY f ∗ω)ωmY
≤ 0,
from which Theorem 1.3 follows. 
3. Degeneracy of holomorphic maps
In this section, we discuss the (non-) degeneracy of holomorphic maps between complex
manifolds. Let’s recall
Definition 3.1. Let f : Y → X be a holomorphic map between two complex manifolds
of the same dimension. If there exists some point y ∈ Y such that the Jacobian J(f) of f
satisfies | detJ(f)|(y) > 0, then we call f is non-degenerate; otherwise, we call f is totally
degenerate.
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The most classical works include Chern [1], Lu [2] and Yau [9]. More recent develop-
ments can be found in [5, 3] etc.. We may mention that the pointwise curvature signs are
crucial in most of previous works, in which the maximum principle arguments are applied.
Here we try to prove the degeneracy of holomorphic maps without assuming pointwies
curvature signs. We need several notions as follows.
Definition 3.2. Let (X,ω) be an n-dimensional complete Hermitian manifold.
(1) We sayX is of almost nonpositive Chern Ricci curvature if there exists a Hermitian
metric ωˆ on X such that for any ǫ > 0 there exists a Hermitian metric ωǫ with
Chern Ricci curvature Ric(ωǫ) satisfying Ric(ωǫ) < ǫωˆ on X . For example, by
Yau’s celebrated work [10] we know a compact Ka¨hler manifold with nef canonical
line bundle is of almost nonpositive (Chern) Ricci curvature.
(2) Let Rω be the Chern scalar curvature of ω. When X is compact, we call the total
integration
∫
X
Rωω
n the total Chern scalar curvature of ω.
The main result in this section is the following.
Theorem 3.3. Let (Y, ωY ) be an n-dimensional compact Gauduchon manifold and (X,ω)
an n-dimensional complete Hermitian manifold. Then for any non-degenerate holomor-
phic map f : Y → X there holds∫
Y
RωY ω
n
Y ≤ n
∫
Y
f ∗(Ric(ω)) ∧ ωn−1Y . (3.1)
There are some corollaries. For example, we have
Corollary 3.4. A holomorphic map from a compact Gauduchon manifold of positive
total Chern scalar curvature to a Hermitian manifold of almost nonpositive Chern Ricci
curvature must be totally degenerate.
Corollary 3.5. A holomorphic map from a compact Gauduchon manifold of positive total
Chern scalar curvature to a compact Ka¨hler manifold of nef canonical line bundle must
be totally degenerate.
Proof of Theorem 3.3. The proof uses the idea similar to Theorem 1.3. Set u := f
∗ωn
ωn
Y
=
(det(gij¯◦f))·| det J(f)|
2
det((gY )ab¯)
(where we have fixed local holomorphic charts (y1, ..., yn) on Y and
(z1, ..., zn) on X and write ωY =
√−1(gY )ab¯dya ∧ dy¯b and ω =
√−1gij¯dzi ∧ dz¯j). Let ǫ
be an arbitrary positive constant. At any point y with | det J(f)|(y) > 0, i.e. u(y) > 0,
by computations in Chern [1] and Lu [2] we have
∆ωY log(u+ ǫ) =
∆ωY u
u+ ǫ
− |∂u|
2
ωY
(u+ ǫ)2
=
u
u+ ǫ
(
∆ωY u
u
− |∂u|
2
ωY
u2
)
+
ǫ|∂u|2ωY
u(u+ ǫ)2
=
u
u+ ǫ
(∆ωY log u) +
ǫ|∂u|2ωY
u(u+ ǫ)2
=
u
u+ ǫ
trωY (f
∗(−Ric(ω)) +Ric(ωY )) +
ǫ|∂u|2ωY
u(u+ ǫ)2
≥ u
u+ ǫ
trωY (f
∗(−Ric(ω)) +RωY ) , (3.2)
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where in the last equality we have used ∂∂¯ log | detJ(f)|2 = 0 at y whenever det J(f)(y) 6=
0.
Set V := {y ∈ Y | detJ(f) = 0 at y}, which, as f is non-degenerate, is a proper
subvariety (may be empty) of Y and hence is of zero measure with respect to ωnY on Y .
Therefore,∫
Y
u
u+ ǫ
(−trωY f ∗Ric(ω) +RωY )ωnY =
∫
Y \V
u
u+ ǫ
(−trωY f ∗Ric(ω) +RωY )ωnY
≤
∫
Y \V
(∆ωY log(u+ ǫ))ω
n
Y
=
∫
Y
(∆ωY log(u+ ǫ))ω
n
Y .
Now, we can use the same arguments as in Theorem 1.3 to complete the proof.
Theorem 3.3 is proved. 
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